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1.13 SIGNAL FLOW GRAPH
E

The signal flow graph is used to represent the control systein graphically and it was developed bs;
S.J. Mason. 1

A signal flow graph is a diagram that represents a set of simultaneous linear algebraic equations. By
taking-Laplace transform, the time domain differential equations governing a control system can be|
transferred to a set of algebraic equations in s-domain. The signal flow graph of the system can be
constructed using these equations. -

It should be noted that the signal flow graph approach and the block diagram approach yield the
same information. The advantage in signal flow graph method is that, using Mason's gain formula the
overall gain of the system can be computed easily. This method is simpler than the tedious block diagram
reduction techniques.

The signal flow graph depicts the flow of signals from one point of a system to another and gives
the relationships among the signals. A signal flow graph consists of a network in which nodes are connected
by directed branches. Each node represents a system variable and each branch connected between two
nodes acts as a signal multiplier. Each branch has a gain or transmittance. When the signal pass throughi
a branch, it gets multiplied by the gain of the branch. {

In a signal flow graph, the signal flows in only one direction. The direction of signal flow is
indicated by an arrow placed on the branch and the gain (multiplication factor) is indicated along thq

branch. _
EXPLANATION OF TERMS USED IN SIGNAL FLOW GRAPH : _ ) 1

|

Node : Anodeisa poini representing a variable or signal.-

Branch : A branch is directed line segment joining two nodes. The arrow on the branch
: indicates the direction of signal flow and the gain of a branch is the transmittance

‘Transmittance : The gain acquired by the signal when it travels from one node to another is

called transmittance. The transmittance can be real or complex.

Input node ( Source) : It is a node that has only outgoing branches.
Output node ( Sink ) : It is a node that has only incoming branches. £
Mixed node . It is a node that has both incoming and outgoing branches. .

Path : : A path is a traversal of connected branches in the direction of the branch
' arrows. The path should not cross a node more than once. |

A open path starts at a node and ends at another node. §

Open path

Closed path : Closed path starts and ends at same node. -

Forward path : It is a path from an input node to an output node that does not cross any nods
more than once. ' |

Forward path gain It is the product of the branch transmittances (gains) of a forward path. |

Individual loop It is a closed path starting from a node and after passing througha certain pan
of a graph arrives at same node without crossing any node more than once.

Loop gain It is the product of the branch transmittances (gains) of a loop. "

If the loops does not have a common node then they are said to be non-

Non-touching Loops :
' _ touching loops. Downloaded From : www.EasyEngineering.net
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SZOPERTIES OF SIGNAL FLOW GRAPH
' The basic properties of signal flow graph are the following :

(i)  The algebraic equations which are used to construct signal flow graph must be in the form
of cause and effect relationship.

r (i)  Signal flow graph is applicable to linear systems only.
(i) A node in the signal flow graph represents the variable or signal.
. (iv) A node adds the signals of all incoming branches and transmits the sum to all outgoing
branches. ' | | '
(v) A mixed node which has both incoming and outgoing signals can be treated as an out, /
node by adding an outgoing branch of unity transmittance.
(vi) A branch indicates functional dependence of one signal on the other.

(vii) The signals travel along branches only in the marked direction and when it travels it gets
multiplied by the gain or transmittance of the branch.

(viii) The signal flow graph of system is not unique. By rearranging the system equanons different
; types of signal flow graphs can be drawn for a given system.
ZENAL FLOW GRAPH ALGEBRA

Signal flow graph for a system can be reduced to obtain the transfer function of the system using
= ﬁ)llowmg rules. The guideline in developing the rules for signal flow graph algebra is that the signal at
;::-de is given by sum of all incoming signals. |

Rule 1 : Incoming signal to a node through a branch is g:wen by the product of a signal at prevlous '

- node and the gain of the branch.
' © P- -]
X 3 x = 3,
oo, ' X=X tax,

| g Cascaded branches can be combined to give a single branch whose transmittance is
equal to the product of individual branch transmittance.

Example: |
X X % % _ 5

Rule 3 : Parallel branches may be represented by single branch whose transmittance is the sum
- of individual branch transmittances.

Example: a

xl xl = - — 0 .
' Downlg‘aded From : www.E’;syEngineering.net
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Ruled : A mixec_l no_de can be eliminated by multiplying the transmittance of outgoing bmnch;
(from the mixed node) to the transmittance of all incoming branches to the mixed node..

Example | |

i

) — 3 %> |

; 3 N L |

% b _ X be i

i

Rule 5 : A loop may be eliminated by writing equations at the inputandoutput node and rearrangi :

the equations to find the ratio of output to input. This ratio gives the gain of resulgtlaﬁ

branch. | }
Example

P ab 8(

' 1-bc ' -

% :

o R b | 3

B o3 o 13, i

| _ X % % 4

':.'

Proof:
Xy =aX;+CX3 ; Xy =bx, _
Put, x, = ax, +¢x, in the equation for x,.
o Xy =b(@x; +6Xy) = Xy =abx,+box; = xy3-bcxz=abx, = x3(1-bc)=abx,

" -x-&-- ab
" x, 1-bc

sl ._Luu'--' T

SIGNAL FLOW GRAPH REDUCTION !
The signal flow graph of a system can be reduced either by using the rules of a signal flow gmp!!

algebra or by using Mason's gain formula. {é

For signal flow graph reduction using the rules of signal flow graph, write equations at every no
and then rearrange these equations to get the ratio of output and input (transfer function). iy

The signal flow graph reduction by above method will be time consuming and tedious. S.J.Mas "
has developed a simple procedure to determine the transfer function of the system represented as a signa
flow graph. He has developed a formula called by his name Mason's gain formula which can be directi¥

used to find the transfer function of the system.
MASON'S GAIN FORMULA _ i
The Mason's gain formula is used to determine the transfer function of the system from the SIgna'i

flow graph of the system. !
Let, . R(s) = Irfput to the system *f

C(s) = Output of the system 8= {

CE) (] ,34'{

Now, Transfer function of the system, T(s)=——
R(s)
|

Mason's gain formula states the overall gain of the system [transfer function] as follows, '3

: _1
Overall gain, T_I ; PxAx Downloaded From : www.EasyEngineering.net -----(1-3-?



where, T = T(s) = Transfer function of the system
Forward path gain of K* forward path
Number of forward paths in the signal flow graph
= 1 —(Sum of individual loop gains) '
(Sum of gain products of all possible

 combinations of two non - touching Ioops)

(Sum of gain products of all possible
-  combinations of three non - touching loops]

> ) e
Il

+

Ax = A for that part of the graph which is not touching K+ forward path -

CONSTRUCTING SIGNAL FLOW GRAPH FOR CONTROL SYSTEMS

A control system can be represented diagrammatically by signal flow graph. The differential equations
soverning the system are used to construct the signal flow graph.The following procedure can be used to

=enstruct the signal flow graph of a system.
1.  Take Laplace transform of the differential equations governing the system in order to
convert them to algebraic equatmns in s-domain.
The constants and variables of the s-domain equations are identified.

3. From the working knowledge of the system, the variables are 1dent1ﬁed as input, output and
intermediate variables. -

4.  For each variable a node is assigned in signal flow graph and constants are assigned as the

_ gain or transmittance of the branches connecting the nodes. :

5. For each equation a signal flow graph is drawn and then they are interconnected to give
overall signal flow graph of the system.

PROCEDURE FOR CONVERTING BLOCK DIAGRAM TO SIGNAL FLOW GRAPH

i The signal flow graph and block diagram of a system provides the same information but there is no
standard procedure for reducing the block diagram to find the transfer function of the system. Also the
=lock diagram reduction technique will be tedious and it is difficult to choose the rule to be applied for
;mphﬁcatmn Hence it will be easier if the block diagram is converted to signal flow graph and Mason's
gain formula is applied to find the transfer function. The following procedure can be used to convert

'-nck diagram to signal flow graph.
1. Assume nodes at input, output, at every summing point, at every branch point and in between
~cascaded blocks.
2.  Draw the nodes separately as small circles and number the circles in the order 1, 2, 3, 4, .....
etc.
3.  From the block diagram find the gain between each node in the main forward path and
connect all the corresponding circles by straight line and mark the gain between the nodes.

4.  Draw the feed forward paths between various nodes and mark the gain of feed forward path

along with sign.
5.  Draw the feedback paths between varjous m aad Jnark the %gtl; gq%ggﬁﬁn

with sign.
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- 4,4 MATHEMATICAL PRELIMINARIES FOR NYQUIST STABILITY CRITERION

Let F(s) be a function of s, which is expressed as  ratio of two polynomials in s as Shown in
equation (4,14), (the polynomials are expressed in the factored form ).~~~

L(414)

“The roos of sumerator polynorialar 2eros and the roots of denominator plynomia re poles
The function has m number of zeros and n number of poles. o '
* Here, §is & complex variable expressed s, s =+ jo, where' s rea par of o and 0 is imaginery
* partof s. (The s is also called complex frequency). For a particular value of o and o, the s will represent
apointinthe s-plane. - ' _ P o
~* Since § is a complex variable, the function F(s) will also be a complex qu_antilj_; f?r any value of s.
Hence, F(s) can also be expressed as, F(§) = utj, where us real pat of ) and v is imaginary par lrg
F(s). Let us define another complex plane called F(s)-plane, with coondinates u and v. For a particu
value ofs,the F() will represent  point in F(s}plane. g
' oint s in the s-plane at which F(s) is analytic, there exists & comespo ing
point éz)eﬁ:; ;T;;;ge? Hence it ﬁns'ge concluded that the function F(s) maps the points m:,(he
s-plane into the F(s)-plane _ | (y | 3
" Note : A function is-nalytic in the $-plane provided the fumction and all i.fsed denmﬂz;es e:::{:.
The points in the s-plane where the function (or it derivatives) does nof e:d;r are called singy po ‘ i
i Sinceanynumberofpoin'tsnfamlycityinmes-planecanbemappedifﬂotheF(s.)- pltgne nc?ntsb;
*concluded the fmacontowinthes-plmewfdchdocsnotgoﬂmughanysmmﬂarpomt, ere €xis
~ comesponding contour in the F(s)-plane as shown in fig 4. | | .
The table 4.2 shows exémples of arbitrary s-plane contours and their corresponding F(s)-piane

contours (¢xact shape is ot shown).
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Flg 4.2: An arbltmry contowr in s-plane and its mnmpondmg contour in Fi (s)-ptane |

Normally the direction of arbitrary contour in s-plane is chosen as clockWtse Here Zeros are
marked by small circles (o) and poles by (X). : |
On observing the s-plane contours and the corresponding F(s)-plane contours shown in table-4.2,

it can be proved that there exists a relationship between the enclosure of poles and zeros by the s-plane
closed contour and number of encirclements of the origin of F(s)- plane by the corresponding

F(s)-plane contour.

Note : For the developmenr of Nyquist cmerfan, the exact sh@e of t the contour is not required

Concept of encircled and enclosed

It is important to distinguish between the concept of encn'cled and enclosed which are ﬁ'eqwuly
used to apply Nyquist criterion. |

Encircled : A point is said to be encircled by a closed path if it is found inside the path. With |
reference to fig 1, the point A is encircled in the clockwise-direction and the point B is not encircled. |

, Enclosed : Any point or region is said to be enclosedbyadosedparh if it is found to lie to the '
right of the path when the path is traversed in the prescribed direction. The shaded regions in fig 2 and
| 3 are the regions enclosed by the closed path. With reference to fig 2, the point A is enclosed by closed

path and the point B is not enclosed. With reference to fig 3 the pomt A is not encla.fed by closed path
but point B is enclosed. -

TABLE-4.2

- The function, F(s) and s-plane contour ' F(s)-plane contour

joa F(s)= s'-23+6 = (§-1 -12)(3-1.1-_i2_) .

317

Zeros 1z, =1+j2,2,= 12

"
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F(s) =—

s’—25+6

Poles : P = 1 -P;
Zeros:z, =

The summary of relationship between the enclosure of poles and zeros by the 4

§

_ (8=1- ]2){3 -1+j2)
s -4s+8 (s-2 j2)(s-2+]2).

Poles : p,=2+j2, p,=2-j2
Zeros: Z1=1+i2_, Z,=1-2

l"l
N W

contour and number of encirclements of the mgm of F(s)-plane by the corresponding F(s / r

are given below.
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1. If s-plane r_‘:losed contour encloses Z number of zcms in tﬁe' right half of s-plane then the -'
corresponding contour ini F(s)-plane will encircle, the origin of F(s)-plane Z times in the clockwise
direction. | _ | |

2. If s-plane closed contour encloses P number of poles in the right half of s-plane then the
corresponding contour in F(s)-plane will encircle the origin of F(s)- plane P times in anticlockwise
direction. 3 | - -' _

3. If the s-plane closed contour encloses Z zeros and P poles in the right half of s-plane and if
P> Z, then the corresponding contour in F(s)-plane will encircle the origin of F(s)-plane
(P-Z) times in the anti-clockwise direction. - | N ' |

4. If'the s-plane closed contour encloses Z zeros and P poles in the right half of s-plane and if
P <Z then the corresponding contour in F(s)-plane will encircle the origin of F(s)-plane (Z-P)
times in the clockwise direction. '

. If's-plane closed contour encloses Z zeros and P poles in right half of s-plane and if P = Z, then
corresponding contour in F(s)-plane twi]] not encircle the origin of F(s)-plane.

6. If the s-plane closed contour does not enclose any pole or zero, then the corresponding contour
- I F(s)-plane will not encircle the origin of F(s)-plane. B O
~ The relation between the enclosure of poles and zeres of F(s) lying on the right half of s-plane by
the’s-plane contour and the encirclements of the origin of F(s)-plane by the corresponding F(s)-plane
contour is called principle of argument. ,
| The principle of argument is stated as fom :

' Let F{(s) is a single valued rational function and is analytic in a given region in the s-plane except
at some points. Now, if an arbitrary closed contour is chosen in the s-plane, so that F(s) is analytic at
every point on the closed contour in s-plane then the corresponding F(s)-plane contour mapped in the
F(s)-plane will encircle the origin N times in anticlockwise direction where N is the difference between the
number of poles and number of zeros of F{(s) that are encircled by the chosen closed contour in s-plane.

 Mathematically, it can be expressed as, N = P-Z. . _ |
where, N = Number of encirclement of origin of F(s)-plane, made by F(s)-contour.

Z = Number of zeros of F(s) lying on right half of s-plane and enclosed by
the s-plane closed contour. x

P = Number of poles of (s)lying on right half ofs-plane and enclosed by
the s-plane closed contour. | '.

The value of N can be positive, zero or negative. Based on the sign of N, following conclusions
can be made, provided the arbitrary s-plane contour is chosen in the'clockwise direction.

_' LIfNis positive, then direction of encirclement of origin of F(s)-plane will be anticlockwise.
2. If N is zero, thien there will be no encirclement of origin of F(s)-plane. 219

3. If N is negative, then direction of enciltbmént'of origin of F(s)-plane will be cl.
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